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( , 2015b) 
Koiter 
Koiter ) (Chilver, 1967) (Thompson and Hunt, 1973 ) To diagnose hill-top branching and multiple bifurcation, which exhibit two critical eigenvalues of the tangent stiffness matrix in stability problems, a sophisticated computational asymptotic bifurcation theory is developed. The theory generally uses three modes which are composed of two homogeneous solutions (critical eigenvectors) and one particular solution of the singular stiffness equations. The first-and second-order derivatives of the stiffness matrix with respect to nodal degrees-of-freedom (DoF) are required to formulate the proposed computational asymptotic bifurcation theory. In two benchmark problems of hill-top branching and multiple bifurcation, the validation and performance of the proposed theory are discussed.
and Murota, 2010) Koiter (
Koiter 3
Liapunov-Schmidt-Koiter Koiter (FEM) (Fujii and Ramm, 1997) (Fujii et al., 2001 ) (Fujii and Noguchi, 2002 ) 
Primary path Bifurcation path
Solution on primary path Bifurcation solution dp dp
(1) limit point (local maximum) dp dp (2) limit point (local minimum) dp dp (3) asymmetric bifurcation dp dp (4) stable symmetric bifurcation dp dp (5) unstable symmetric bifurcation dp dp (6) asymmetric hill-top branching dp dp (7) stable symmetric hill-top branching dp dp (8) unstable symmetric hill-top branching dp dp (9) multiple bifurcation Fig. 1 Schematic description of relations between existence of solutions with the specified load perturbation dp and post-buckling behaviors: (1)limit point (local maximum), (2)limit point (local minimum), (3)asymmetric bifurcation, (4)stable symmetric bifurcation, (5)unstable symmetric bifurcation, (6)asymmetric hill-top branching, (7)stable symmetric hill-top branching, (8)unstable symmetric hill-top branching, (9)multiple bifurcation.
(1) J 0 1 ( )θ e (21) (22) (23) α 0 β 0 τ 0 α 1 β 0 τ 0 α 2 β 0 τ 0 α 3 β 0 τ 0 dp α 2 dp α (2) J 0 1 θ e (21) (22) (23) α 0 β 0 τ 0 α 1 β 0 τ 0 α 2 β 0 τ 0 α 3 β 0 τ 0 dp α dp α 2 (3) J 0 1 θ e (21) (22) (23) β dp one non-orthogonal ⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ dp < 0 ⇒ 2 roots dp > 0 ⇒ no root ⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ dp < 0 ⇒ no root dp > 0 ⇒ 2 roots orthogonal ⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ dp < 0 ⇒ 2 pairs of roots dp > 0 ⇒ 2 pairs of roots ⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ dp < 0 ⇒ 1 pair of roots dp > 0 ⇒ 3 pairs of roots ⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ dp < 0 ⇒ 3 pairs of roots dp > 0 ⇒ 1 pair of roots ⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ dp < 0 ⇒ 3 pairs of roots and 2 of them haveτ = 0 dp > 0 ⇒ 1 pair of roots two ⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ dp < 0 ⇒ 2 pairs of roots dp > 0 ⇒ 2 pairs of roots ⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ dp < 0 ⇒ 4 pairs of roots dp > 0 ⇒ no root otherwise Fig. 2 Flow chart for identifying buckling types using asymptotic bifurcation theory.
(4) J 0 1 θ e (21) (22) (23) β dp (α, τ) 1 α = 0 dp (α, τ)
21) (22) (23) β dp (α, τ) 3 1 α = 0 2 α 2 dp (α, τ)
(22) (23) β dp Fig.1 (6) Fig.1 (5) (7) J 0 2 dp (α, β, τ) 2 dp (α, β, τ) 2 (8) J 0 2 dp (α, β, τ) 4 dp (α, β, τ) (9) J 0 2 dp (α, β, τ) dp 1 α = β = 0 2 2
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2 (Thompson and Hunt, 1973 ) ) (Bažant and Cedolin, 1991)( , 2003 ) ( , 2015a) Pecknold 2
dω dφ dp Fig. 3 Rigid-body and elastic spring model. The rotational and extensional springs represent stable and unstable symmetric bifurcation, respectively. 
T = 0 T dp = ±0.001 (33) 2 4 dp 2 2 (33) dp > 0 3 dp < 0 3 4 dp 2 A(α, β) = −dp − 1.73205α 2 − 0.57735β 2 + α 3 + αβ 2 = 0 B(α, β) = −1.1547αβ + α 2 β + β 3 = 0 (42) T = 0 T dp = ±0.000053 (42) 2 7 dp 2 2 (42) dp > 0 dp < 0 
